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THE ORBIT TYPE STRATIFICATION OF THE MODULI SPACE OF HIGGS
BUNDLES
YUE FAN
Abstract. The moduli space of Higgs bundles can be constructed as a quotient of
an infinite-dimensional space and hence admits an orbit type decomposition. In this
paper, we show that the orbit type decomposition is a complex Whitney stratification
such that each stratum is a complex symplectic submanifold and hence admits a com-
plex Poisson bracket. Moreover, these Poisson brackets glue to a Poisson bracket on
the structure sheaf of the moduli space so that the moduli space is a stratified complex
symplectic space.
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1. Introduction
Let C be a hyperKähler manifold, and G a Lie group acting on C and preserving the
hyperKähler structure. We also assume that G admits a complexification G C such that
the G -action on C can be extended to a holomorphic G C-action with respect to some
complex structure I on C . Suppose there is a hyperKähler moment map m = (µ, µC)
such that µ is a moment map for the G -action with respect to the Kähler form induced
by I, and µC is a complex moment map for the G C-action with respect to the complex
symplectic form induced by the other complex structures J and K. Then, we may
consider the hyperKähler quotient m−1(0)/G . Although the quotient m−1(0)/G , in
general, may be highly singular, Mayrand showed in [9] that if C is finite-dimensional,
and G is compact, then the hyperKähler quotient m−1(0)/G is a complex space and
can be decomposed into smooth hyperKähler manifolds by orbit types such that the
decomposition is a complex Whitney stratification. The hyperKähler structure on each
stratum comes from C and is compatible with the complex space structure. Moreover,
the complex symplectic structure on each stratum induces a complex Poisson bracket
such that these Poisson brackets glue to a complex Poisson bracket on the structure
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sheaf of the complex space m−1(0)/G . Finally, the complex space m−1(0)/G is locally
biholomorphic to an affine complex symplectic quotient such that the biholomorphism
is a Poisson map and preserves the orbit type decompositions. Note that Mayrand’s
result is a natural generalization of Sjamaar-Lerman [14] from symplectic quotients to
hyperKähler quotients.
The purpose of this paper is to show that Mayrand’s results can be extended to
the moduli space of Higgs bundles, which is promised in [3]. More precisely, let X
be a closed Riemann surface with genus ≥ 2. To parametrize Higgs bundles, we
fix a smooth Hermitian vector bundle E over X, and let gE be the bundle of skew-
Hermitian endomorphisms of E. For convenience, we may assume that the degree of
E is 0. Then, by the Chern correspondence and the fact that dimC X = 1, the space of
holomorphic structures on E can be identified with the space A of unitary connections
on E. Set C = A ×Ω1,0(gCE ), and the configuration space B of the Higgs bundles with
underlying smooth bundle E is defined as
B = {(A,Φ) ∈ C : ∂AΦ = 0}
Note that the complex gauge group G C = Aut(E) acts on B and preserves the sub-
spaces Bss and Bps consisting of semistable and polystable Higgs bundles, respec-
tively (see [17] for more details). The moduli space of Higgs bundles is defined as
the quotient M = Bps/G C equipped with the C∞-topology. To see how hyperKäh-
ler geometry comes into the picture, let us recall that the moduli space M can be
realized as a singular hyperKähler quotient in the following way. Note that C is an
infinite-dimensional affine hyperKähler manifold modeled on Ω1(gE)⊕Ω1,0(gE) (see
[7, §6]). The complex gauge group G C acts on C holomorphically with respect to the
complex structure I that is given by the multiplication by
√−1. (In this paper, we
routinely identify Ω1(gE) with Ω
0,1(gCE ).) The subgroup G of G
C consisting of unitary
gauge transformations preserves the hyperKähler structure. The G -action also admits
a hyperKähler moment map as follows. Hitchin’s equation
(1.1) µ(A,Φ) = FA + [Φ,Φ∗]
can be regarded as a real moment map for the G -action with respect to the Kähler form
induced by I. Moreover, the holomorphicity condition µC(A,Φ) = ∂AΦ can be re-
garded as a complex moment map for the G C-action with respect to the complex sym-
plectic form induced by the other two complex structures J and K. Then, the Hitchin-
Kobayashi correspondence (see [7] and [18]) states that the inclusion m−1(0) →֒ Bps
induces a homeomorphism
i : m−1(0)/G ∼−→ Bps/G C = M
where m = (µ, µC), and the quotient m
−1(0)/G is equipped with the C∞-topology.
Therefore, we are now in Mayrand’s setting except that C , G and G C are infinite-
dimensional. We now define the orbit type decompositions of m−1(0)/G and M . Let
H be a G -stabilizer at some Higgs bundle in m−1(0) and (H) the conjugacy class of H
in G . Consider the subspace
m−1(0)(H) = {(A,Φ) ∈ m−1(0) : G(A,Φ) ∈ (H)}
It is G -invariant, and the orbit type decomposition of the singular hyperKähler quo-
tient m−1(0)/G is defined as
m−1(0)/G =∐
(H)
components of m−1(0)(H)/G
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By abusing the notation, we generally use pi to denote the quotient map Bps → M or
m−1(0) → m−1(0)/G . Then, we will prove the following. It is a slight generalization
of Hitchin’s construction of the moduli space of stable Higgs bundles in [7, §5 and §6]
(cf. [15, Proposition 2.21]).
Theorem A. Every stratum Q in the orbit type decomposition of the hyperKähler quotient
m−1(0)/G is a locally closed smooth manifold, and pi−1(Q) is a smooth submanifold of C
such that the restriction pi : pi−1(Q) → Q is a smooth submersion. Moreover, the restriction
of the hyperKähler structure from C to pi−1(Q) descends to Q.
Similarly, if L is a G C-stabilizer at some Higgs bundle in Bps, and (L) denotes the
conjugacy class of L in G C, then we consider the subspace
B
ps
(L) = {(A,Φ) ∈ Bps : (G C)(A,Φ) ∈ (L)}
It is G C-invariant, and the orbit type decomposition of the moduli space M is defined
as
M =∐
(L)
components of B
ps
(L)/G
C
In [3], it is shown that M is a normal complex space. Then, we will prove the follow-
ing.
Theorem B. Every stratum Q in the orbit type decomposition of the moduli space M is a
locally closed complex submanifold of M , and pi−1(Q) is a complex submanifold of C with
respect to the complex structure I such that the restriction pi : pi−1(Q) → Q is a holomorphic
submersion. This decomposition is a complex Whitney stratification.
Here, by complex Whitney stratification, we mean that the orbit type decompo-
sition of M is a disjoint union of locally closed complex submanifolds such that if
Q1 ∩ Q2 6= ∅ then Q1 ⊂ Q2 for any strata Q1 and Q2 in the decomposition. This is
called the frontier condition. Moreover, this decomposition is required to satisfy Whit-
ney conditions A and B. Although Whitney conditions A and B are conditions for
submanifolds in an Euclidean space, they make sense for complex spaces, since they
are local conditions and invariant under diffeomorphisms (see [9, Definition 2.2, 2.5,
2.7] for more details).
Moreover, the Hitchin-Kobayashi correspondence i preserves the orbit type decom-
positions in the following way.
Theorem C. If Q is a stratum in the orbit type decomposition of m−1(0)/G , then i(Q)
is a stratum in the orbit type decomposition of M , and the restriction i : Q → i(Q) is a
biholomorphism with respect to the complex structure IQ on Q coming from C and the natural
complex structure on i(Q).
Therefore, each stratum Q in the orbit type decomposition of M acquires a complex
symplectic structure from the corresponding stratum in the orbit type decomposition
of m−1(0)/G . As a consequence, each Q admits a complex Poisson bracket. We will
show that these Poisson brackets glue to a complex Poisson bracket on the struc-
ture sheaf of M . To state the result more precisely, we recall that any Higgs bundle
(A,Φ) ∈ m−1(0) defines a deformation complex CµC , which is an elliptic complex (see
Section 2). Let H1 denote the harmonic space H1(CµC). In [3], it is shown that H
1 is
a complex symplectic vector space, and the G C-stabilizer HC at (A,Φ) acts linearly
on it and preserves the complex symplectic structure, where H is the G -stabilizer at
(A,Φ). Let ν0,C be the canonical complex moment map for the HC-action on H1. By
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[3], around [A,Φ], the moduli space M is locally biholomorphic to an open neigh-
borhood of [0] in the complex symplectic quotient ν−10,C(0)  H
C, which is an affine
geometric invariant theory (GIT) quotient. Note that ν−10,C(0)  H
C also has an orbit
type decomposition, since every point in ν−10,C(0)  H
C has a unique closed orbit, and
this orbit has a orbit type (see Section 5). By Mayrand [9], the orbit type decomposition
of ν−10,C(0)  H
C is a Whitney stratification, and each stratum is a complex symplectic
submanifold and hence admits a complex Poisson bracket. Moreover, these Poisson
brackets glue to a Poisson bracket on the structure sheaf such that the inclusion from
each stratum to ν−10,C(0)  H
C is a Poisson map. Then, we will prove the following.
Theorem D. There is a unique complex Poisson bracket on the structure sheaf of M such
that the inclusion Q →֒ M is a Poisson map for each stratum Q in M . Moreover, we have
the following.
(1) The local biholomorphism between M and ν−10,C(0)  H
C preserves the orbit type strat-
ifications and is a Poisson map.
(2) Its restriction to each stratum Q in M is a complex symplectomorphism, and hence
serves as complex Darboux coordinates on Q.
Following Mayrand [9] and Sjamaar-Lerman [14], a complex space is called a strat-
ified complex symplectic space if it admits a complex Whitney stratification, a complex
symplectic structure on each stratum, and a complex Poisson bracket on the structure
sheaf such that the inclusion from each stratum to the complex space is a holomor-
phic Poisson map. As a consequence of the main theorems proved in this paper, we
conclude the following.
Corollary. The moduli space M of Higgs bundles is a stratified complex symplectic space
with the orbit type decomposition as the complex Whitney stratification.
To prove Theorem A and the first part of Theorem B, the basic tools are local slice
theorems for the G -action and the G C-action. Since the G -action is proper, its local
slice theorem is available. To obtain a local slice theorem for the G C-action around
Higgs bundles satisfying Hitchin’s equation, we adapt Buchdahl and Schumacher’s
argument in [1, Proposition 4.5]. To prove the second part of Theorem B, we simply
follow Mayrand’s arguments in [9, §4.6, §4.7]. The idea is that the Whitney conditions
and the frontier condition are local conditions and therefore can be checked on an
open neighborhood of [0] in ν−10,C(0)  H
C, provided that the biholomorphism between
M and a local model ν−10,C(0)  H
C preserves the orbit type decompositions. We will
prove that this is the case. These results will be proved in Sections 4 and 5. Moreover,
in Section 2, we will review results in [3]
To prove TheoremC, the major obstacle is to show that the Hitchin-Kobayashi corre-
spondence preserves orbit types. We will follow Sjamaar’s argument in [13, Theorem
2.10]. However, this argument crucially relies on Mostow’s decomposition for complex
reductive Lie groups. Since G C is infinite-dimensional, we need to extend Mostow’s
decomposition to G C in the following way.
Theorem E (Mostow’s decomposition). Let H be a compact subgroup of G and h its Lie
algebra. The map
h⊥ ×H G → G C/HC [s, u] 7→ HC exp(is)u
is a G -equivariant bijection, where G acts on both sides by right multiplication, and h⊥ is the
L2-orthogonal complement of h in the Lie algebra Ω0(gE) of G .
It is likely that the map mentioned in Theorem E is not only a bijection but also a
diffeomorphism. That said, for the purpose of this paper, a bijection is all we need.
THE ORBIT TYPE STRATIFICATION OF THE MODULI SPACE OF HIGGS BUNDLES 5
Once Mostow’s decomposition for G C is established, the rest of the proof follows
easily. To prove Theorem E, we will instead prove that the map HC ×H (h⊥×G ) → G C
is a bijection (see Theorem 3.1 for a more precise statement). To this end, following the
Heinzner and Schwarz’s idea in [6, §9], we will realize h⊥ × G as a zero set of some
moment map on G C. Therefore, we need to show that G C is a weak Kähler manifold
and that the left H-action on G C is Hamiltonian with a suitable moment map. In [8],
Huebschmann and Leicht provided a framework to deal with this problem. Although
their results are in finite-dimensional settings, they can be carried out for G C without
any problems. For the sake of completeness, we provide the details in the Appendix,
and the proofs are taken or adapted from [8]. Then, it will be shown that every HC-
orbit in G C intersects h⊥ × G , and the intersection is a single H-orbit. Here, we will
use the framework laid out in Mundet I Riera’s paper [10]. All these results will be
proved in Section 3.
To prove Theorem D, we need to define a complex Poisson bracket on the struc-
ture sheaf of M . Since every stratum in the orbit type decomposition has a complex
Poisson bracket, and M is a disjoint union of these strata, we may pointwise define
the complex Poisson bracket of any two holomorphic functions on M . Therefore, the
real question is to answer whether the resulting function is still holomorphic. We will
show that the local biholomorphism between M and a local model ν−10,C(0)  H
C is a
Poisson map. Then, TheoremD follows from this. Now the key observation to see that
the local biholomorphism is a Poisson map is that the Kuranishi map θ (see [3] for the
construction of Kuranishi maps and Kuranishi local models) induces the local biholo-
morphism and preserves the complex symplectic structures on H1 and C . Moreover,
all the complex symplectic structures on the strata in the orbit type decompositions of
M and ν−10,C(0)  H
C come from those on C and H1.
Finally, we want to say a few words on the topologies we will be using on various
spaces throughout this paper. By definition, the moduli space M and the hyperKäh-
ler quotient m−1(0)/G are equipped with the C∞-topology. That said, in order to
use the implicit function theorem, in most of the proofs, we need to complete the
spaces G C, G and C with respect to the Sobolev L2k+1-norm and L
2
k-norm. Here, k > 1.
Then, the resulting spaces Gk+1 and G
C
k+1 are Banach Lie groups acting smoothly on
the Banach affine manifold Ck. Moreover, we also need to extend the moment map
m to a moment map mk on Ck. By the Sobolev multiplication theorem, this is well-
defined. On the other hand, by the regularity results in [15, Theorem 3.17] and [3,
Lemma 3.11, 3.12 and Corollary 3.13], the natural maps m−1(0)/G → m−1k (0)/Gk+1
and M → Bpsk /G Ck+1 are homeomorphisms. Moreover, it will be clear in the proofs
of Theorem A and B that they preserve orbit type decompositions. As a result, for
notational convenience, we will drop these subscripts that indicate the Sobolev com-
pletions and work with these Sobolev completions in the proofs whenever necessary.
This should not cause any confusion. Finally, it should be noted that Theorem E,
strictly speaking, should be a result for the Banach Lie groups Gk+1 and G
C
k+1.
Acknowledgment. This paper is part of my Ph.D. thesis. I would like to thank my
advisor, Professor Richard Wentworth, for suggesting this problem and his generous
support and guidance.
6 YUE FAN
2. Preliminaries
In this section, we review some useful results in [3]. We start with deformation
complexes. Every Higgs bundle (A,Φ) ∈ m−1(0) defines a deformation complex
CµC : Ω
0(gCE )
D′′−→ Ω0,1(gCE )⊕Ω1,0(gCE ) D
′′−→ Ω1,1(gCE)
where D′′ = ∂A +Φ.
Proposition 2.1 ([11, §1] and [12, §10]). CµC is an elliptic complex and a differential graded
Lie algebra. Moreover, the Kähler’s identities
(D′′)∗ = −i[∗,D′] (D′)∗ = +i[∗,D′′]
hold, where D′ = ∂A +Φ∗ and ∗ is the Hodge star.
Another elliptic complex (see [7, p.85]) associated with (A,Φ) is the following.
CHit : Ω0(gE)
d1−→ Ω1(gE)⊕Ω1,0(gCE )
d2⊕D′′−−−→ Ω2(gE)⊕Ω1,1(gCE )
Here, d1(u) = (dAu, [Φ, u]) and d2 is the derivative of µ (1.1) at (A,Φ). By direct
computation, we have the following. As a consequence, throughout this paper, we
will use H1 to denote either H1(CµC) or H
1(CHit).
Proposition 2.2. The map Ω1(gE) → Ω0,1(gE) given by α 7→ α′′ induces an isomorphism
H1(CHit)
∼−→ H1(CµC), where α′′ denotes the (0, 1) component of α.
Now, we review the Kuranishi local models used to construct the moduli space
M as a normal complex space (for more details, see [3]). Fix (A,Φ) ∈ m−1(0) with
G -stabilizer H and consider the subspace B˜ = (1− H)µC, where H is the harmonic
projection from Ω1,1(gCE ) onto H
2(CµC). Then, locally around (A,Φ), B˜ is a complex
submanifold of C . Moreover, the holomorphic map
F : Ω0,1(gCE)⊕Ω1,0(gCE) → Ω0,1(gCE)⊕Ω1,0(gCE)
F(α, η) = (α, η) + (D′′)∗G[α′′, η]
is HC-equivariant and restricts to
F : B˜ ∩ ((A,Φ) + ker(D′′)∗) → H1
In fact, F maps an open neighborhood of (A,Φ) in B˜ ∩ ((A,Φ) + ker(D′′)∗) homeo-
morphically onto an open ball (in L2-norm) B ⊂ H1 around 0. Its inverse, viewed as a
map θ : B → C , is called a Kuranishi map. The hyperKähler structure on C restricts to
H1, and hence H1 has a linear complex symplectic structure ωC. Since HC acts linearly
on H1 and preserves ωC, there is a standard complex moment map ν0,C on H
1 such
that ν0,C(0) = 0. Let Z = B ∩ ν−10,C(0). It is proved that θ maps Z homeomorphically
onto an open neighborhood of (A,Φ) in Bss ∩ ((A,Φ) + ker(D′′)∗). Moreover, x ∈ Z
has a closed KC-orbit in H1 if and only if θ(x) is a polystable Higgs bundle, provided
that B is sufficiently small. Furthermore, B can be arranged so that Z HC  HC is
an open neighborhood of [0] in ν−10,C(0)  H
C and that θ induces a biholomorphism
ϕ : Z HC  HC → M onto an open neighborhood of [A,Φ] in M . We will also call ϕ a
Kuranishi map. More precisely, ϕ[x] = [rθ(x)] for any x ∈ Z , where r : Bss → µ−1(0)
is the retraction defined by the Yang-Mills-Higgs flow. The local inverse of ϕ is given
by [B,Ψ] 7→ [x], where (B,Ψ) can be chosen such that there are unique g ∈ G C and
x ∈ Z such that (B,Ψ) = θ(x)g. Moreover, g and x depend on (B,Ψ) holomorphically.
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3. Mostow’s decomposition
In this section, we will prove Mostow’s decomposition for G C, Theorem E. In fact,
we will prove the following Theorem 3.1, and Theorem E follows as a corollary.
Let H be a compact subgroup of G and h its Lie algebra. The compactness of H
implies that h is a finite-dimensional subspace of Ω0(gE) and hence closed. Therefore,
h has a L2-orthogonal complment h⊥ in Ω0(gE) so that Ω0(gE) = h⊕ h⊥. Moreover,
let HC be the complexification of H.
Theorem 3.1 (cf. [6, Corollary 9.5]). The map
HC ×H (h⊥ × G ) → G C [h, s, u] 7→ h exp(is)u
is a bijection, where H acts on HC × (h⊥ × G ) by
h0 · (h, s, u) = (hh−10 , h0sh−10 , h0u)
To prove Theorem 3.1, we adapt the proof of [6, Corollary 9.5]. Recall that the polar
decomposition u(n)×U(n)→ GLn(C) induces a polar decomposition
Ω0(gE)× G → G C (s, u) 7→ exp(is)u
Via the polar decomposition, the left multiplication of HC on G C induces a left HC-
action onΩ0(gE)×G . In particular, H acts onΩ0(gE)×G by h0 · (s, u) = (h0sh−10 , h0u).
In the Appendix, we will show that both Ω0(gE)× G and G C are weak Kähler mani-
folds such that the polar decomposition is an isomorphism of Kähler manifolds. More-
over, the left H-action is Hamiltonian with a moment map given by
κ : Ω0(gE)× G → h (s, u) 7→ Ps
where P : Ω0(gE) → h is the projection. Now, we routinely identify Ω0(gE)× G with
G C using the polar decomposition. Then, Theorem 3.1 follows from the following.
Lemma 3.2.
(1) Every HC-orbit in G C intersect κ−1(0).
(2) κ−1(0) ∩ HCg = Hg for every g ∈ G C.
Proof. Since H is a compact Lie group (hence finite-dimensional), [10, Lemma 5.2 and
Theorem 5.4] apply. Therefore, it suffices to show that
lim
t→∞(κ(exp(its)g), s)L2 > 0
for any s ∈ h and g ∈ G C. Using the polar decomposition, we may write
exp(its)g = exp(itη(t))u(t)
for some η(t) ∈ Ω0(gE) and u(t) ∈ G . Hence,
(κ(exp(its)g), s)L2 = (Pη(t), s)L2 = (η(t), s)L2
Since HC acts on G C freely, by [10, Lemma 2.2], (η(t), s)L2 is a strictly increasing
function of t. Therefore, it suffices to prove that if t ≫ 0, (η(t), s)L2 ≥ 0. Hence, we
may assume that η(t) 6= 0 for any t. By the proof of [16, Theorem 5.12], we see that
lim
t→∞
η(t)
‖η(t)‖L2
=
s
‖s‖L2
in L2-norm so that
lim
t→∞
(
η(t)
‖η(t)‖L2
,
s
‖s‖L2
)
L2
= 1
Therefore, if t ≫ 0, (η(t), s)L2 > 0. 
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Proof of Theorem 3.1. Consider the map
HC ×H κ−1(0) → G C [h, s, u] 7→ h exp(is)u
The surjectivity and the injectivity follow from (1) and (2) in Lemma 3.2, respectively.
Moreover, κ−1(0) = h⊥ × G . 
As a corollary of Mostow’s decomposition, Theorem E, we obtain the following that
will be used often in this paper.
Corollary 3.3. Let H and K be compact subgroups of G . Then, HC and KC are conjugate in
G C if and only if H and K are conjugate in G .
Proof. This follows fromMostow’s decomposition (Theorem E) and the first paragraph
in the proof of [13, Theorem 2.10]. Note that all we need is the fact that the map in
Theorem E is a G -equivariant bijection. 
4. The orbit type decompositions
4.1. Orbit types in the hyperKähler quotient. In this section, we will prove Theo-
rem A.
Proof of Theorem A. Fix [A,Φ] ∈ Q such that (A,Φ) is of class C∞. Hence, gauge
transformations in its G -stabilizer H are of class C∞. By definition, Q is a component of
m−1(0)(H)/G . Since the G -action is proper, a standard argument (e.g. [4, Proposition
4.4.5]) shows that there is an H-invariant open neighborhood S of (A,Φ) in (A,Φ) +
ker d∗1 such that the natural map f : S×H G → C is a G -equivariant diffeomorphism
onto an open neighborhood of (A,Φ), where d1 is defined in the complex CHit (see
Section 2). Therefore, the restriction
f : ((m−1(0) ∩ S)×H G )(H) → m−1(0)(H)
is a G -equivariant homeomorphism onto an open neighborhood of (A,Φ) in m−1(0)(H).
Since Q is open in m−1(0)(H)/G , pi−1(Q) is open in m−1(0)(H) and contains (A,Φ).
By shrinking S, we may further assume that f takes values in pi−1(Q). We claim that
((m−1(0) ∩ S)×H G )(H) = (m−1(0) ∩ SH)×H G = (m−1(0) ∩ SH)× (G /H)
where SH consists of elements in S that are fixed by H. The second equality is obvious.
To show the first one, let [B,Ψ, g] be a point in (m−1(0) ∩ S)×H G with G -stabilizer
conjugate to H in G . As a consequence,
G[B,Ψ,1] = gG[B,Ψ,g]g
−1 ∈ (H)
Since S is a local slice for the G -action on C , G[B,Ψ,1] ⊂ H. Since G[B,Ψ,1] and H have
the same dimension and the same number of components, we see that G[B,Ψ,1] = H.
Hence, H fixes (B,Ψ), and the claim follows. Therefore, the map pi−1(Q) → Q can be
locally identified with the projection
(m−1(0) ∩ SH)× (G /H) → m−1(0) ∩ SH.
Moreover, since H is compact, the quotient map m−1(0) ∩ S → (m−1(0) ∩ S)/H is
closed. Since SH is closed in S, we conclude that (m−1(0) ∩ SH)/H is closed in
(m−1(0) ∩ S)/H. Since m−1(0) ∩ SH = (m−1(0) ∩ SH)/H is homeomorphic to an
open neighborhood of [A,Φ] in Q, Q is a locally closed subset of m−1(0)/G . Then, we
prove that m−1(0) ∩ SH is a submanifold of SH. As a consequence, pi−1(Q) is a sub-
manifold of C , Q is a smooth manifold, and pi : pi−1(Q) → Q is a smooth submersion.
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To show that m−1(0) ∩ SH is a submanifold of SH, we adapt the proof of [15, Theo-
rem 2.24]. Let µi be a component of the hyperKähler moment map m. We first show
that the restriction µi|SH has a constant finite corank so that SH ∩ µ−1i (0) is a submani-
fold of SH. After that, we show that SH ∩m−1(0) = ∩3i=1SH ∩ µ−1i (0) is a submanifold
of SH. Fix (B,Ψ) ∈ SH. Note that T(B,Ψ)SH = (ker d∗1)H. Consider the sequence
Ω0(gE)
d1−→ T(B,Ψ)C
dµi−→ Ω2(gE)
where dµi is the derivative of µi at (B,Ψ). Note that H acts on each term by conju-
gation, and both d1 and dµi are H-equivariant. Since the complex CHit is elliptic, the
symbol of dµi is surjective so that the Hodge decomposition
Ω2(gE) = ker(dµi)∗ ⊕ im dµi
holds, where (dµi)∗ is the L2-formal adjoint of dµi. We claim that
dµi
(
(T(B,Ψ)C )
H
)
= (im dµi)
H
Since dµi is H-equivariant, the inclusion “⊂” is obvious. Conversely, suppose y =
dµi(x) is fixed by H for some x ∈ T(B,Ψ)C . Since H is compact,
∫
H(x · h)dh is well-
defined and fixed by H. Therefore, the inclusion “⊃” follows from
y =
∫
H
(y · h)dh =
∫
H
dµi(x · h)dh = dµi
(∫
H
(x · h)dh
)
Then, the H-equivariance of dµi implies that
Ω2(gE)
H = (ker(dµi)
∗)H ⊕ (im dµi)H = (ker(dµi)∗)H ⊕ dµi
(
(T(B,Ψ)C )
H
)
Moreover, the formula (dµi)∗ = −Iid1∗ implies that
dimker(dµi)
∗ = dimker d1 = dimG(B,Ψ)
Since S is a local slice for the G -action on C , G(B,Ψ) = H. Finally, since
(T(B,Ψ)C )
H = (im d1)H ⊕ (ker d∗1)H = (im d1)H ⊕ (T(B,Ψ)SH)
and dµid1 = 0, we conclude that µi|SH : SH → Ω2(gE)H has a constant finite corank so
that µ−1i (0) ∩ SH is a smooth submanifold of SH.
Now, we show that ∩3i=1SH ∩ µ−1i (0) is a submanifold of SH. Let ∆ : SH → (SH)3 be
the diagonal map. If we can show that ∆ is transversal to
W = (µ−11 (0) ∩ SH)× (µ−12 (0) ∩ SH)× (µ−13 (0) ∩ SH) ⊂ (SH)3
then ∆−1(W) = ∩3i=1SH ∩ µ−1(0) is a smooth submanifold of SH. So, we fix (B,Ψ) ∈
∆−1(W). Then, we have
T∆(B,Ψ)W =
3⊕
i=1
(
ker dµi ∩ (ker d∗1)H
)
and
∆∗T(B,Ψ)SH = {(v, v, v) : v ∈ (ker d∗1)H}
Note that ker dµi = (Ii im d1)⊥. Therefore, if ui ∈ (ker d∗1)H (i = 1, 2, 3), then we may
write ui = u′i + u
′′
i for u
′
i ∈ Ii im d1 and u′′i ∈ (Ii im d1)⊥. Since µi(B,Ψ) = 0, it is
not hard to check that u′′i ∈ (ker d∗1)H. Moreover, since Ii im d1 are orthogonal to each
other, we may further write
ui = (u
′
i −∑
j 6=i
u′′j ) + u
′′
1 + u
′′
2 + u
′′
3
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Therefore, T∆(B,Ψ)W and ∆∗T(B,Ψ)SH generate (T(B,Ψ)SH)3, and we are done.
By construction, we see that m−1(0) ∩ SH is a smooth manifold with tangent space
ker dm ∩ (ker d∗1)H = (ker d2 ∩ ker d∗1)H = H1(CHit)H = (H1)H
at [A,Φ]. Since the L2-metric on C is preserved by the G -action, it descends to a metric
on Q. By the proof of [7, Theorem 6.7], we see that I, J and K restrict to H1. Since they
are preserved by the H-action on H1, they further restrict to (H1)H. Moreover, since
they are preserved by the G -action, they, together with the L2-metric on (H1)H, define
an almost hyperKähler structure on Q.
Let ΩI , ΩJ and ΩK be the Kähler forms on C associated with complex structures I,
J and K, respectively. By the proof of [7, Theorem 6.7], we see that if v ∈ im d1 ⊕H1
then Ωi(v, ξ) = 0 for any i ∈ {I, J,K} and any vector ξ tangent to the G -orbit. This
also holds for v ∈ im d1 ⊕ (H1)H = T(A,Φ)pi−1(Q). Therefore, there are unique Kähler
forms ωi, i ∈ {I, J,K}, on Q such that pi∗ωi = Ωi|pi−1(Q) for i ∈ {I, J,K}. Therefore,
each ωi is closed. Then, the integrability of complex structures on Q follows from [7,
Lemma 6.8].
Finally, by the elliptic regularity, it is easy to see that elements in ker d∗1 ∩ m−1(0)
are of class C∞. Since SH ∩ m−1(0) ⊂ ker d∗1 ∩ m−1(0), our heuristic use of infinite-
dimensional manifolds can be justified by working with Sobolev completions. 
4.2. A local slice theorem. Now we study the strata in the orbit type decomposition
of M . Therefore, we need a local slice theorem for the G C-action on C .
Theorem 4.1. Let (A,Φ) be a Higgs bundle in m−1(0) with G -stabilizer H. Then, there
exists an open neighborhood O of (A,Φ) in (A,Φ) + ker(D′′)∗ such that the natural map
OHC ×HC G C → C is a biholomorphism onto an open neighborhood of (A,Φ).
Proof. Note that the G C-stabilizer of (A,Φ) is HC and acts on (D′′)∗. Consider the
natural map
f : ((A,Φ) + ker(D′′)∗)×HC G C → C
Its derivative at [A,Φ, 1] is given by
ker(D′′)∗ ⊕H0(CµC)⊥ → Ω0,1(gCE )⊕Ω1,0(gCE ) (x, u) 7→ x+ D′′u
and hence an isomorphism, since T(A,Φ)C = ker(D′′)∗ ⊕ imD′′. Therefore, there are
open neighborhoods O× N of (A,Φ, 1) and W of (A,Φ) such that f : pi(O× N) →W
is a biholomorphism, where pi is the quotient map. Then, we consider the restriction
f : OHC ×HC G C → C
Since OHCG C = WG C, its image is WG C which is an open neighborhood of (A,Φ)
in C . Since G C = ∪g∈G CNg and f is G C-equivariant, f is a local biholomorphism.
Therefore, it remains to show that f is injective provided that O is small enough. We
will follow the proof of [1, Proposition 4.5]. Suppose
((A,Φ) + (α1, η1))g = (A,Φ) + (α2, η2)
for some g ∈ G C and (D′′)∗(αi, ηi) = 0. Equivalently,
D′′g+ (α′′1 g− gα′′2 , η1g− gη2) = 0
where α′′i is the (0, 1)-component of αi. We show that if each ‖(αi, ηi)‖L2k is small
enough, then g ∈ HC. Write g = g0 + g1 for some g0 ∈ H0(CµC) and g1 ∈ H0(CµC)⊥.
The idea is to show that D′′g1 = 0 so that g = g0 ∈ HC. Applying (D′′)∗, we obtain
(D′′)∗D′′g+ (D′′)∗(α′′1 g− gα′′2 , η1g− gη2) = 0
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We first claim that D′g0 = 0, where D′ = ∂A + Φ∗. In fact, using Kähler’s identity,
D′∗ = +i[∗,D′′], we have
‖D′g0‖2L2 = (D′∗D′g0, g0)L2 = i(D′′D′g0, g0)L2 = −i(D′D′′g0, g0)L2 = 0
Here, we have used the fact that D′′D′+ D′D′′ = 0, since µ(A,Φ) = FA + [Φ,Φ∗] = 0.
Then, using the Kähler’s identity, (D′′)∗ = −i[∗,D′], we see that D′(αi, ηi) = 0 for
each i, and
(D′′)∗(α′′1 g− gα′′2 , η1g− gη2) = (D′′)∗(α′′1 g1 − g1α′′2 , η1g1 − g1η2)
As a consequence,
‖D′′g1‖2L2 = −((α′′1 g1 − g1α′′2 , η1g1 − g1η2),D′′g1)L2
≤ ‖(α′′1 g1 − g1α′′2 , η1g1 − g1η2)‖L2‖D′′g1‖L2
≤ (‖α′′1 ‖C0 + ‖α′′2 ‖C0 + ‖η1‖C0 + ‖η2‖C0)‖g1‖L2‖D′′g1‖L2
≤ C(‖α′′1‖L2k + ‖α
′′
2‖L2k + ‖η1‖L2k + ‖η2‖L2k )‖g1‖L2‖D
′′g1‖L2
where we have used the Sobolev embedding L2k →֒ C0. Moreover, since g1 ∈ H0(CµC)⊥,
‖g1‖L2 ≤ ‖g1‖L21 = ‖(D
′′)∗GD′′g1‖L21 ≤ C‖D
′′g1‖L2
Therefore,
‖D′′g1‖2L2 ≤ C(‖α′′1‖L2k + ‖α
′′
2 ‖L2k + ‖η1‖L2k + ‖η2‖L2k)‖D
′′g1‖2L2
Since the isomorphism Ω1(gE) → Ω1,0(gCE ) given by α 7→ α′′ is a homeomorphism in
the L2k-topology, we conclude that that if ‖(αi, ηi)‖L2k is small enough for every i, then
D′′g1 = 0. 
As a corollary of Proposition 4.1, every Kuranishi map θ : B → C (see Section 2)
preserves stabilizers in the following sense.
Proposition 4.2. If B is sufficiently small, then (HC)x = (G C)θ(x) for every x ∈ Z .
Proof. By [3, Proposition 3.4], if x1 = x2g for some x1, x2 ∈ B and g ∈ HC then
θ(x1) = θ(x2)g. This proves the inclusion “⊂”. To prove the inclusion “⊃”, we shrink
B so that θ(Z ) ⊂ O where O is obtained in Proposition 4.1. As a consequence,
if θ(x)g = θ(x) for some g ∈ G C then g ∈ HC. Since F is HC-equivariant and
F(θ(x)) = x for every x ∈ B, we conclude that xg = x. 
4.3. Orbit types in the moduli space. Now we are able to prove Theorem B. Before
giving the proof, we first show that there is a one-to-one correspondence between the
conjugacy classes appearing in the orbit type decompositions of M and m−1(0)/G .
Proposition 4.3. Every conjugacy class (L) appearing in the orbit type decomposition of M
is equal to a conjugacy class (HC) for some G -stabilizer H at some Higgs bundle in m−1(0).
Proof. Let (A,Φ) be a polystable Higgs bundle whose G C-stabilizer is conjugate to L
in G C. By the Hitchin-Kobayashi correspondence, µ((A,Φ)g) = 0 for some g ∈ G C.
Therefore,
(G(A,Φ)g)
C = (G C)(A,Φ)g = g
−1(G C)(A,Φ)g
Let H = G(A,Φ)g and the G
C-stabilizer of (A,Φ) is conjugate to HC in G C. 
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Proof of Theorem B. Fix [A,Φ] ∈ Q such that (A,Φ) ∈ m−1(0) is of class C∞. Therefore,
gauge transformations in the G -stabilizer H at (A,Φ) are of class C∞. Since HC is the
G C-stabilizer at (A,Φ), Q is a component of Bps
(HC)/G
C. By Theorem 4.1, there is
an open neighborhood O of (A,Φ) in (A,Φ) + ker(D′′)∗ such that the natural map
OHC ×HC G C → C is a diffeomorphism onto an open neighborhood of (A,Φ). The
G C-equivariance implies that
(OHC ×HC G C)(HC) → C(HC)
Since HC has finitely many components and is finite-dimensional, following the proof
of Theorem A, we see that
(OHC ×HC G C)(HC) = OH
C × (G C/HC)
As a consequence, the natural map
(OH
C ∩Bss)× (G C/HC) → Bss(HC)
is a diffeomorphism onto an open image. On the other hand, the Kuranishi map
θ : Z → O ∩Bss is a homeomorphism if B is sufficiently small. Since θ preserves
stabilizers (Proposition 4.2), we see that θ : Z H
C → OHC ∩Bss is a homeomorphism.
Since the HC-action on H1 is holomorphic with respect to I, (H1)H
C
is a complex
symplectic subspace of H1 so that H1 = F ⊕ (H1)HC where F is the ωC-complement
of (H1)H
C
. As a consequence,
ν−10,C(0) = (ν0,C |F)−1(0)× (H1)H
C
so that Z H
C
is an open subset of ν−10,C(0)
HC = (H1)H
C
. Since every point in (H1)H
C
has closed HC-orbits, θ(Z H
C
) ⊂ OHC ∩Bps. Moreover, since Q is open in Bps
(HC)/G
C,
pi−1(Q) is open in Bps
(HC). Therefore, if O and B are sufficiently small, we obtain a
well-defined map
f : Z H
C × (G C/HC) → pi−1(Q) (x, [g]) 7→ θ(x)g
which is a homeomorphism onto its open image. This already shows that pi−1(Q)
is a complex submanifold of C . Moreover, f induces a well-defined map Z H
C → Q
given by [x] 7→ [θ(x)]. It is exactly the restriction of the local chart (see Section 2)
ϕ : Z HC  HC → M , since
ν−10,C(0)  H
C = (ν0,C |F)−1(0)  HC × (H1)HC
and θ(x) is polystable for every x ∈ Z HC . Therefore, we see that Q is a complex sub-
manifold of M . Moreover, the quotient map pi : pi−1(Q) → Q can be locally identified
with the projection
Z
HC × (G C/HC) → Z HC
which is clearly a holomorphic submersion. Finally, by elliptic regularity, elements
in H1 are of class C∞. Since Z H
C ⊂ H1, our heuristic use of infinite-dimensional
manifolds can be justified by working with Sobolev completions. 
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5. Complex Whitney stratification
To show that the orbit type decomposition of M is a complex Whitney stratification,
we follow Mayrand’s arguments in [9, §4.6 and §4.7]. The idea is that the problem can
be reduced to a local model ν−10,C(0)  H
C near [0], once we show that the Kuranishi
map ϕ : U˜ → U preserves the orbit type decompositions, where U˜ = Z HC  HC and
U = ϕ(U˜) (see Section 2). To clarify different possible partitions on ν−10,C(0)  H
C, we
adopt the following notation. By [5], the natural map ν−10,C(0)
ps →֒ ν−10,C(0) induces a
bijection
ν−10,C(0)
ps/HC ∼−→ ν−10,C(0)  HC
where ν−10,C(0)
ps is the subspace of ν−10,C(0) consisting of polystable points, or equiva-
lently points whose HC-stabilizers are closed in H1. Let L be a HC-stabilizer at some
point in ν−10,C(0) and (L)HC the conjugacy class of L in H
C. Then, we may define
ν−10,C(0)
ps
(L)HC
= {x ∈ ν−10,C(0)ps : (HC)x ∈ (L)HC}
As a consequence, ν−10,C(0)  H
C has a partition
P˜HC =
{
ν−10,C(0)
ps
(L)HC
/HC : L = (HC)x for some x ∈ ν−10,C(0)
}
Here, we have identified ν−10,C(0)
ps
(L)HC
with its image in ν−10,C(0)  H
C. The orbit type
decomposition of ν−10,C(0)H
C is defined as the refinement P˜◦HC of P˜HC into connected
components. If (L)G C is the conjugacy class of L ⊂ HC in G C, then we may similarly
define the partition
P˜G C =
{
ν−10,C(0)
ps
(L)
G C
/HC : L = (HC)x for some x ∈ ν−10,C(0)
}
Finally, note that ν−10,C(0)  H
C can be realized as a hyperKähler quotient as follows.
Since H acts linearly on H1 and preserves the Kähler form ωI , there is a moment map
ν0 associated with the Kähler form ωI such that ν0(0) = 0. Then, n0 = (ν0, ν0,C) is a
hyperKähler moment map for the H-action. By [5], the inclusion n−10 (0) →֒ ν−10,C(0)
induces a homeomorphism
n−10 (0)/H
∼−→ ν−10,C(0)  HC
Then, the same proof of Proposition 4.3 shows that every conjugacy class (L) appear-
ing in P˜HC or P˜G C is equal to a conjugacy class (H
C
1 ) for some H-stabilizer H1 at
some point in n−10 (0). Then, the relation between P˜HC and P˜G C is stated below.
Lemma 5.1 ([9, Lemma 4.2]). P˜◦HC = P˜
◦
G C
.
Proof. This follows from the same proof of [9, Lemma 4.2]. The only difference is that
Mowstow’s decomposition in that proof must be replaced by Theorem E. 
Now, let P be the partition of M defined as
P = {Bps
(L)
GC
/G C : L = (G C)(A,Φ) for some (A,Φ) ∈ Bps}
Note that the orbit type decomposition of M is simply P◦. Then, we have the follow-
ing.
Proposition 5.2. The Kuranishi map ϕ :
(
U˜, (P˜◦HC |U˜)◦
) → (U, (P◦|U)◦) is an isomor-
phism of partitioned spaces.
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Proof. We first record a simple fact without a proof.
Lemma 5.3. Let X be a space and P a partition of X. If U is an open subset of X, then
(P◦|U)◦ = (P |U)◦.
Then, by Lemma 5.1 and 5.3,
(P˜◦HC |U˜)◦ = (P˜◦G C |U˜)◦ = (P˜G C |U˜)◦
and (P◦|U)◦ = (P |U)◦. Then, it suffices to show that
ϕ : (U˜, P˜G C |U˜) → (U,P |U)
is an isomorphism of partitioned spaces. If [x] ∈ U˜ is such that the HC-orbit of x is
closed in H1, then ϕ[x] = [θ(x)]. The rest follows from (G C)θ(x) = (H
C)x (Proposi-
tion 4.2). 
Theorem 5.4. The orbit type decomposition of M is a complex Whitney stratification.
Proof. We first show that P◦ satisfies the frontier condition. In other words, we need
to show that if Q1,Q2 ∈ P◦ and Q1 ∩ Q2 6= ∅, then Q1 ⊂ Q2. Fix [A,Φ] ∈ M such
that µ(A,Φ) = 0 and G(A,Φ) = H. Let ϕ : U˜ → U be the Kuranishi map. Let Q be the
component of B
ps
(HC)/G
C containing [A,Φ]. If [x] ∈ ϕ−1(Q∩U) such that its HC-orbit
is closed in H1, then ϕ[x] = [θ(x)] ∈ Q ∩U. By Proposition 4.2, (G C)θ(x) = (HC)x.
Since [θ(x)] ∈ Q, we conclude that (HC)x = HC. From the proof of Theorem B in
Section 4.3, we see that
ϕ−1(Q ∩U) = Z HC = B ∩ (H1)HC
This shows that Q ∩ U is connected so that Q ∩ U ∈ (P◦|U)◦. By [9, Lemma 4.7],
it suffices to show that (P◦|U)◦ is conical at Q ∩U (see [9, p.18] for the definition).
Since B ∩ (H1)HC ∈ (P˜◦
(HC))
◦, Proposition 5.2 implies that it suffices to show that
(P˜◦
(HC)|U˜)◦ is conical at B ∩ (H1)H
C
. Moreover, by Lemma 5.3, it suffices to show that
(P˜(HC)|U˜)◦ is conical at B ∩ (H1)H
C
. This follows from the proof of [9, Proposition
4.8].
Now we show that P◦ satisfies the Whitney conditions at every point of M . Fix
[A,Φ] ∈ M and let ϕ : U˜ → U be a Kuranishi map such that [A,Φ] ∈ U. Then, it
suffices to check that (P◦|U)◦ satisfies the Whitney conditions at [A,Φ]. By Proposi-
tion 5.2, it suffices to check that (P˜◦HC |U˜)◦ = (P˜HC |U˜)◦ satisfies the Whitney condi-
tions at [0]. This follows from [9, Proposition 4.12]. 
6. The Hitchin-Kobayashi correspondence
Finally, we show that the Hitchin-Kobayashi correspondence preserves the orbit
type decompositions, Theorem C (cf. [9, Proposition 4.6]).
Proof of Theorem C. Suppose Q is a component of m−1(0)(H)/G for some G -stabilizer
at a Higgs bundle in m−1(0). We first show that the restriction
i : m−1(0)(H)/G → Bps(HC)/G C
is a bijection and hence a homeomorphism. As a consequence, i(Q) is a stratum in the
orbit type decomposition of M . The injectivity is obvious. To show the surjectivity,
THE ORBIT TYPE STRATIFICATION OF THE MODULI SPACE OF HIGGS BUNDLES 15
let [A,Φ] ∈ Bps
(HC)/G
C. We may further assume that (G C)(A,Φ) = H
C. The Hitchin-
Kobayashi correspondence provides some g ∈ G C such that (A,Φ)g ∈ m−1(0). Hence,
(G(A,Φ)g)
C = (G C)(A,Φ)g = g
−1(G C)(A,Φ)g = g−1HCg
Then, Corollary 3.3 implies that G(A,Φ)g is conjugate to H in G .
Then, we show that the restriction i : Q → i(Q) is holomorphic. Consequently, since
Q and i(Q) are smooth, i|Q is a biholomorphism. By the proofs of Theorem A and
B, we see that i|Q can be locally identified with a map m−1(0) ∩ SH → (H1)HC . More
precisely, this map is given by (B,Ψ) 7→ x where x is determined by the equation
(B,Ψ) = θ(x)g for a unique g ∈ G C. It is holomorphic, since x and g depend on
(B,Ψ) holomorphically, which can be seen by Proposition 4.1 and the holomorphicity
of θ : B → C . 
7. Poisson structure
Let Q be a stratum in the orbit type stratification of M . As a consequence, i−1(Q) is
a stratum in the orbit type stratification of m−1(0)/G , where i is the Hitchin-Kobayashi
correspondence. We have shown in Theorem A that i−1(Q) is a hyperKähler manifold
and hence has a complex symplectic form ωC = ωJ +
√−1ωK. Using the Hitchin-
Kobayashi correspondence i, we may transport ωC to Q so that Q is also a complex
symplectic manifold. We will still use ωC to denote the resulting complex symplectic
form on Q. Alternatively, ωC can be defined as follows. Let pi : Bps → M be the
quotient map. It is shown in Theorem B that pi−1(Q) is a complex submanifold of
C , and pi : pi−1(Q) → Q is a holomorphic submersion. Then, it follows that pi∗ωC =
ΩC|pi−1(Q), where ΩC = ΩJ +
√−1ΩK is the complex symplectic form on C . This can
be seen by Theorem A and the definition of i. Then, a complex Poisson bracket can
be defined on the structure sheaf of M as follows. Let U be an open subset of M and
f , g : U → C holomorphic functions. Let Q be a stratum in the orbit type stratification
of M . Therefore, the restrictions f |U∩Q and g|U∩Q are holomorphic so that the Poisson
bracket { f |U∩Q, g|U∩Q}Q is well-defined using the complex symplectic form ωC on Q.
Consequently, there is a unique function { f , g} : U → C such that
{ f , g}|U∩Q = { f |U∩Q, g|U∩Q}Q
for every stratum Q. Then, it remains to show that { f , g} : U → C is holomorphic.
Since the complex space M is constructed by gluing Kuranishi local models, { f , g}
is holomorphic if and only if its pullback along any Kuranishi map is holomorphic.
On the other hand, from Section 5, we see that ν−10,C(0)  H
C can be realized as a sin-
gular hyperKähler quotient. Hence, the structure sheaf of ν−10,C(0)  H
C has a Poisson
structure by [9, Theorem 1.4]. Then, the holomorphicity of the Poisson bracket on M
follows from the following result (cf. [9, Proposition 4.18]).
Theorem 7.1 (=Theorem D). Every Kuranishi map ϕ : U˜ → U is a Poisson map. In other
words, if f , g : U → C are holomorphic functions, then ϕ∗{ f , g} = {ϕ∗ f , ϕ∗g}.
Before giving the proof, we need the following lemmas.
Lemma 7.2. The Kuranishi map θ : B → C preserves the complex symplectic forms.
Proof. By construction of θ (see Section 4.2), it suffices to show that the map
F : B˜ ∩ ((A,Φ) + ker(D′′)∗) → H1
F(α′′, η) = (α′′, η) +
1
2
(D′′)∗G[α′′, η; α′′, η]
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preserves the restrictions of Kähler forms ΩJ and ΩK. For notational convenience, let
M = B˜ ∩ ((A,Φ) + ker(D′′)∗). If (B,Ψ) = (A,Φ) + (α′′0 , η0) ∈ M, then
d(B,Ψ)F(α, η) = (α, η) + (D
′′)∗G[α′′0 , η0; α, η] (α, η) ∈ T(B,Ψ)M
Then, we need to show that
Ωi(d(B,Ψ)F(α
′′
1 , η1), d(B,Ψ)F(α
′′
2 , η2)) = Ωi(α
′′
1 , η1; α
′′
2 , η2)
for any i ∈ {J,K}, (B,Ψ) ∈ M, and (α′′j , ηj) ∈ T(B,Ψ)M. This amounts to show the
following
(1) Ωi(α
′′
1 , η1; (D
′′)∗G[α′′0 , η0; α
′′
2 , η2]) = 0
(2) Ωi((D′′)∗G[α0, η0, α′′1 , η1]; (D
′′)∗G[α′′0 , η0; α
′′
2 , η2) = 0
for any i ∈ {J,K} and (α′′j , ηj) ∈ ker(D′′)∗ (j = 0, 1, 2). To show (1), we compute
ΩJ(α
′′
1 , η1; (D
′′)∗G[α′′0 , η0; α
′′
2 , η2]) = g(D
′′ J(α′′1 , η1);G[α
′′
0 , η0; α
′′
2 , η2])
where g is the L2-metric. Moreover,
D′′ J(α′′1 , η1) = D
′′(iη∗,−iα′′∗) = −i∂Aα′′∗ + i[Φ, η∗] = (iD′(α′′1 , η1))∗ = 0
where the last equality follows from the Kähler’s identity, (D′′)∗ = −i[∗,D′] and the
assumption that (D′′)∗(α′′1 , η1) = 0. Similarly,
ΩK(α
′′
1 , η1; (D
′′)∗G[α′′0 , η0; α
′′
2 , η2]) = g(D
′′K(α′′1 , η1);G[α
′′
0 , η0; α
′′
2 , η2])
and
D′′K(α′′1 , η1) = D
′′(−η∗, α′′∗) = ∂Aα′′∗ − [Φ, η∗] = D′(α′′1 , η1)∗ = 0
Finally, the same argument shows (2). 
Now, let C˜ be a connected component of Q˜ ∩ U˜, where Q˜ is a stratum in the orbit
type stratification of ν−10,C(0)  H
C. In other words, C˜ ∈ (P◦HC |U˜)◦. By Proposition 5.2,
there is some connected component C of Q ∩U for some stratum Q in the orbit type
stratification of M such that the restriction ϕ : C˜ → C is a biholomorphism. Let
pi denote the projections Bps → M and ν−10,C(0)ps → ν−10,C(0)  HC. By Theorem B
and [9, Lemma 4.14], pi−1(C) and pi−1(C˜) are complex submanifolds of C and H1,
respectively. Moreover, the following diagram commutes
pi−1(C˜) ∩ B
pi

θ
// pi−1(C)
pi

C˜
ϕ
// C
Now, by Lemma 7.2, θ preserves the restrictions of the complex symplectic forms ΩC
on C and ωC on H
1. By Theorem B and [9, Lemma 4.14] again, we see that these
restrictions of complex symplectic forms descend to C˜ and C. As a consequence, we
obtain the following.
Lemma 7.3. The Kuranishi map ϕ : C˜ → C is a complex symplectomorphism. In particular,
it preserves the complex Poisson brackets.
THE ORBIT TYPE STRATIFICATION OF THE MODULI SPACE OF HIGGS BUNDLES 17
Proof of Theorem 7.1. Let f , g : U → C be holomorphic functions. Then, we compute
(ϕ∗{ f , g})|C˜ = (ϕ|C˜)∗({ f , g}|C)
= (ϕ|C˜)∗({ f |C , g|C}Q)
= {(ϕ|C˜)∗( f |C), (ϕ|C˜)∗(g|C)}Q˜
= {(ϕ∗ f )|C˜, (ϕ∗g)|C˜}Q˜
= {ϕ∗ f , ϕ∗g}|C˜
for any connected component C˜ of Q˜ ∩ U˜ for some stratum Q˜ in the orbit type strati-
fication of ν−10,C(0)  H
C. This completes the proof. 
8. Appendix
In this section, we will prove that G C is a weak Kähler manifold such that the
left G -action on G C is Hamiltonian with a moment map κ : G C → Ω0(gE) given by
κ(exp(is)u) = s. Most of the proofs are taken or adapted from [8].
We first describe a weak symplectic form on Ω0(GE)× G . Define the 1-form τ on
Ω0(gE)× G by
τ(s,u)(z,w) = (s,wu
−1)L2 (z,w) ∈ Ω0(gE)⊕ TuG
where (·, ·)L2 is the L2-metric onΩ0(gE). Note that if G were finite-dimensional, then τ
would be exactly the tautological 1-form on the cotangent bundle T∗G = Lie(G )× G .
There are left and right actions of G on Ω0(gE)× G given by
u0 · (s, u) = (u0su−10 , u0u) and (s, u) · u0 = (s, uu0)
By direct computation, we see that both the left and right G -actions preserve τ and
hence the 2-form ω := −dτ. In this section, a map is said to be left (resp. right)
G -equivariant if it is G -equivariant with respect to the left (resp. right) G -action, and
G -equivariant if it is G -equivariant with respect to both the left and right G -actions.
Proposition 8.1. If the 2-form ω is non-degenerate, then the projection κ : Ω0(gE) × G →
Ω0(gE) onto the first factor is a moment map for the left G -action on
(
Ω0(gE)× G ,ω
)
.
Proof. To verify that κ is a moment map for the left G -action on Ω0(gE)× G , fix ξ ∈
Ω0(gE) and let ξ
∗ denote the vector field generated by the left G -action on Ω0(gE)×
G . Since the left G -action preserves ω, the Lie derivative of ω along ξ∗ vanishes.
Therefore, −iξ∗dτ = diξ∗τ. Moreover,
ξ∗(s,u) =
d
dt
∣∣∣∣
t=0
(Ad(etξ)s, etξu) = ([ξ, s], ξu)
and hence τ(ξ∗)(s, u) = (s, ξ)L2 . Finally, it is easy to verify that κ is left G -equivariant.

Now, we describe a complex structure J on Ω0(gE) × G and later verify that ω
is compatible with J and positive so that ω is a Kähler form on Ω0(gE) × G . Let
ψ : Ω0(gE) × G → G C be the polar decomposition given by ψ(s, u) = exp(is)u. It is
clear that ψ is G -equivariant. Then, there is a unique complex structure J on Ω0(gE)×
G such that ψ is a biholomorphism. To see the relation between the symplectic form
ω and the complex structure J, we also view P = Ω0(gE)× G as a principal G -bundle
over Ω0(gE), and show that P has a connection induced by the complex structure J.
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Proposition 8.2. Every tangent vector of P at a point (s, u) ∈ P can be uniquely written
as ξ#(s,u) + Jη
#
(s,u) for some ξ, η ∈ Ω0(gE), where ξ#(s,u) is the tangent vector of P at (s, u)
generated by the right G -action.
Proof. Note that any tangent vector of G C at ψ(s, u) can be uniquely written as Z#ψ(s,u)
for some Z ∈ Ω0(gCE ), where Z#ψ(s,u) is the tangent vector on G C generated by the right
translations. Then, write Z = ξ + iη for some ξ, η ∈ Ω0(gE). Since the right G -action
and ψ are holomorphic, and ψ is G -equivariant, we obtain
Z#ψ(s,u) = (ξ + iη)
#
ψ(s,u)
= ξ#ψ(s,u) + iη
#
ψ(s,u)
= d(s,u)ψ(ξ
#
(s,u) + Jη
#
(s,u))
where i in the second equality also denotes the complex structure on G C. The rest
follows from the fact that the derivative d(s,u)ψ is an isomorphism. 
By Proposition 8.2, we are able to define a Ω0(gE)-valued 1-form γ by
γ(ξ#(s,u) + Jη
#
(s,u)) = ξ
Another Ω0(gE)-valued 1-form χ on P is given by
χ(ξ#(s,u) + Jη
#
(s,u)) = η
It is clear that χ = −γJ. Since ψ is G -equivariant, the right G -action on P is holo-
morphic. Therefore, it is easy to verify that both γ and χ are G -equivariant in the
sense that R(u0)∗γu0 = Ad(u−10 )γ and R(u0)
∗χ = Ad(u−10 )χ, where R(u0) is the right
G -action on P given by u0. The following are some useful formulas.
Proposition 8.3. For any (s, e) ∈ P and (z,w) ∈ T(s,e)P = Ω0(gE)⊕Ω0(gE), the formulas
for χ and γ are given by
γ(s,e)(z,w) =
1− cos ad s
ad s
z+ w
χ(s,e)(z,w) =
sin ad s
ad s
z
Proof. The derivative d(s,e)ψ is given by
d(s,e)ψ(z,w) =
d
dt
∣∣∣∣
t=0
exp(is+ itz) exp(tw)
=
d
dt
∣∣∣∣
t=0
exp(is+ itz) +
d
dt
∣∣∣∣
t=0
exp(is) exp(tw)
Moreover, by the formula for the derivative of the exponential map (e.g. [2, Theorem
1.5.3])
exp(is)−1
d
dt
∣∣∣∣
t=0
exp(is+ itz) =
1− exp(− ad(is))
ad(is)
(iz)
=
(1− cos ad s
ad s
+ i
sin ad s
ad s
)
z
As a consequence,
ψ(s, e)−1d(s,e)ψ(z,w) =
1− cos ad s
ad s
z+w+ i
sin ad s
ad s
z
The rest follows from the proof of Proposition 8.2. 
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Consider a right G -equivariant map κ given by κ(s, e) = κ(s, e). In other words,
κ(s, u) = u−1su.
Proposition 8.4.
(1) τ = (κ,γ)L2 .
(2) If f : P → R is a function given by f (s, u) = 12‖s‖L2 , then (κ,χ)L2 = d f .
(3) There is a unique right G -equivariant Hom(Ω0(gE),Ω0(gE))-valued 1-form Ψ on
P such that dγκ(s,u) = Ψ(s,u)χ(s,u) for any (s, u) ∈ P, where dγκ is the covariant
derivative of κ. More explicitly,
dγκ(s,e)(z,w) = cos ad s(z)
Ψ(s,e) = cos ad s
ad s
sin ad s
for any (z,w) ∈ T(s,e)P.
Before giving the proof, we claim that sin ad sad s is invertible so that
ad s
sin ad s simply means
its inverse. In fact, if ξ ∈ Ω0(gE), then, by definition, χ(s,e)(Jξ#(s,e)) = ξ. Moreover, if
Jξ#(s,e) = (z,w) for some (z,w) ∈ T(s,e)P, then
ξ = χ(s,e)(Jξ
#
(s,e)) = χ(s,e)(z,w) = χ(s,e)(z, 0)
Therefore, the map
Ω0(gE) → Ω0(gE) z 7→ χ(s,e)(z, 0) =
sin ad s
ad s
z
is invertible.
Proof of Proposition 8.4. If (z,w) ∈ T(s,e)P, then Proposition 8.3 implies that
(κ,γ)L2(z,w) = (s,
1− cos ad s
ad s
z+w)L2
Since (s, [s, z])L2 = 0,
(s,
1− cos ad s
ad s
z)L2 =
∞
∑
j=1
(−1)j−1
(2j)!
(
s, (ad s)2j−1z
)
L2
= 0
Similarly,
(κ,χ)L2(z,w) =
(
s,
sin ad s
ad s
z
)
L2
=
∞
∑
j=0
(−1)j
(2j+ 1)!
(s, (ad s)2jz)L2
= (s, z)L2
Therefore, the identities (1) and (2) hold at (s, e). By the right G -equivariance, they
hold everywhere.
Then, we prove the formula for the covariant derivative dγκ(s,e). Note that dγκ =
dκ + [γ, κ]. Therefore, if (z,w) ∈ T(s,e)P, we have
dγκ(s,e)(z,w) = dκ(s,e)(z,w) +
[1− cos ad s
ad s
z+ w, s
]
= ad s(w) + z+ ad s
(cos ad s− 1
ad s
z−w
)
= cos ad s(z)
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To define Ψ, it is enough to define Ψ(s,e) which needs to satisfy
cos ad s(z) = Ψ(s,e)
sin ad s
ad s
(z)
As a consequence,
Ψ(s,e) = cos ad s
ad s
sin ad s

The following results verify that ω is compatible with J. Then, we will verify that
ω is positive so that ω is a Kähler form on Ω0(gE)× G .
Proposition 8.5. The following hold for any ξ, η ∈ Ω0(gE):
(1) ω(ξ#, Jη#) = (ξ,Ψ(η))L2 .
(2) ω(Jξ#, Jη#) = ω(ξ#, η#).
(3) (ξ,Ψ(η))L2 = (η,Ψ(ξ))L2 .
As a consequence, ω(J·, J·) = ω(·, ·).
Proof. We compute
ω(ξ#, Jη#) = −d(κ,λ)L2(ξ#, Jη#)
= −ξ#(κ,λ(Jη#))L2 + Jη#(κ,λ(ξ#)) + (κ,λ([ξ#, Jη#])L2
= (κ(Jη#), ξ)L2) + (κ,λ(J[ξ
#, η#]))L2
= (dγκ(Jη#), ξ)L2
= (Ψ(η), ξ)L2
Here, we have used the formula that [ξ#, Jη#] = J[ξ#, η#], since J commutes with the
right G -action. Moreover, dκ(Jη#) = dγκ(Jη#), since Jη# is horizontal. This proves (1).
To prove (2), we compute
ω(Jξ#, Jη#) = (κ,γ)L2([Jξ
# , Jη#])L2
= (κ,γ)L2(−[ξ#, η#])L2
= (κ,γ)L2(−[ξ, η]#)L2
= −(κ, [ξ, η])L2
On the other hand,
ω(ξ#, η#) = −ξ#(κ,γ(η#))L2 + η#(κ,γ(ξ#))L2 + (κ,γ([ξ#, η#])
= −([κ, ξ], η)L2 + ([κ, η], ξ)L2 + (κ, [ξ, η])L2
= (κ, [η, ξ])L2
Finally, to prove (3), we first compute
d(κ,χ)L2(Jξ
#, Jη#) = Jξ#(κ,χ(Jη#))L2 − Jη#(κ,χ(Jξ#))L2 − (κ,χ([Jξ#, Jη#])L2
= (dκ(Jξ#), η)L2 − (dκ(Jη#), ξ)L2
= (dγκ(Jξ#), η)L2 − (dγκ(Jη#), ξ)L2
= (Ψχ(Jξ#), η)L2 − (Ψχ(Jη#), ξ)L2
= (Ψ(ξ), η)L2 − (Ψ(η), ξ)L2
and then note that d(κ,χ)L2 = 0 by Proposition 8.4. 
Proposition 8.6. The metric g = ω(·, J·) is positive-definite. In particular, ω is non-
degenerate.
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Proof. If ξ, η ∈ Ω0(gE), then
g(ξ# + Jη#, ξ# + Jη#) = ω(ξ# + Jη#, Jξ# − η#)
= ω(ξ#, Jξ#)−ω(ξ#, η#) + ω(Jη#, Jξ#)− ω(Jη#, η#)
= (ξ,Ψ(ξ))L2 + (η,Ψ(η))L2 − 2(κ, [ξ, η])L2
Since g is right G -invariant, it is enough to show the positive-definiteness at (s, e).
Hence, we need to show that
(ξ,Ψ(s,e)(ξ))L2 + (η,Ψ(s,e)(η))L2 − 2(s, [ξ, η])L2
=
∫
X
〈ξ,Ψ(s,e)(ξ)〉L2 + 〈η,Ψ(s,e)(η)〉L2 − 2〈s, [ξ, η]〉L2 > 0
for every s ∈ Ω0(gE) and nonzero ξ + iη ∈ Ω0(gCE ). Note that the integrand is pos-
itive pointwise. In fact, after fixing a base point x ∈ X, the polar decomposition
ψ becomes the usual polar decomposition ψx : u(n) × U(n) → GLn(C). The unique
complex structure on u(n)× U(n) making ψx a biholomorphism is compatible with
the tautological 1-form on u × U(n) = T∗U(n) so that the tautological 1-form is a
Kähler form (see [8, Theorem 5.1 and Remark 5.2]). The resulting Kähler metric on
u(n) × U(n) evaluated at (ξ# + Jη#)(x) is exactly the integrand and hence positive.
Here, (ξ# + Jη#)(x) is the value of the section ξ# + Jη# ∈ Ω0(gE)⊕Ω0(gE) at x. 
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